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Obje
t re
onstru
tion from remote sensed images is an a
tual resear
h topi


in 
omputer vision, photogrammetry, and spatial information s
ien
e. One of the

most interesting related questions is the modeling of the un
ertainty of knowledge

gained by su
h a pro
ess. For a better understanding of the di�erent sour
es

and aspe
ts of un
ertainty, indetermina
y, vagueness, and the relations between

them, a better understanding of the underlying ontologi
al and epistemologi
al

foundations of imaging is ne
essary.

An important aspe
t is to make the relationships between the obje
ts in

the world that are observed, for example, by means of remote sensing, and �at

obje
ts 
reated from the remote sensed data by means of spatial analysis expli
-

it. Both kinds of obje
ts are linked to ea
h other by observation and analysis

pro
esses. The pro
ess of spatial analysis has three basi
 
omponents whi
h are

modeled in this paper as mappings between �at obje
ts of di�erent kind. We

show that vagueness in the de�nition of �at obje
ts involved in this pro
ess re-

sults in indetermina
y of lo
ation of those obje
ts. De�nitorial vagueness and

lo
ation indetermina
y of lo
ation result in un
ertainty about the truth of 
on-


lusions about existen
e, properties, and lo
ation of obje
ts in the world derived

from knowledge about �at obje
ts 
reated by spatial analysis.

1 Introdu
tion

Obje
t re
onstru
tion from remote sensed images is an a
tual resear
h topi
 in


omputer vision, photogrammetry, and spatial information s
ien
e. One of the

most interesting related questions is the modeling of the un
ertainty of knowledge

gained by su
h a pro
ess. Re
ent proposals in
lude fuzzy sets (Molenaar & Cheng

1998) and rough sets (Worboys 1998a, Worboys 1998b).

Beyond the modeling of un
ertainty for spatial analysis, we feel the need to

des
ribe ontologi
al and epistemologi
al aspe
ts involved in the pro
ess of imag-

ing. In order to get a better understanding of the di�erent sour
es and aspe
ts of

un
ertainty, indetermina
y, vagueness, and the relations between them, a better

understanding of the underlying ontologi
al and epistemologi
al foundations of

imaging is ne
essary.

We start from the distin
tion between bona �de and �at obje
ts (Smith

1995). Roughly, bona �de obje
ts are spatial obje
ts in physi
al reality whi
h



exist independently of human 
ognition. Examples are the planet Earth, islands,

lakes. Fiat obje
ts are 
reated by human 
ognition. Examples are legal �ats like

politi
al subdivisions, land property, or | of 
entral 
on
ern for this paper |

�at obje
ts 
reated by spatial analysis of remote sensed data.

We show that the pro
ess of spatial analysis has three basi
 
omponents,

whi
h are modeled as mappings between �at obje
ts of di�erent kinds. We relate

vagueness in the de�nitions of �at obje
ts involved in this pro
ess to di�erent

kinds and sour
es of un
ertainty. We show that vagueness in the de�nition of

�at obje
ts results in indetermina
y of lo
ation of those obje
ts.

An important aspe
t is to make the relationships between the obje
ts in

the world that are observed, for example, by means of remote sensing, and �at

obje
ts 
reated from the remote sensed data by means of spatial analysis expli
it.

This will provide the basis for a dis
ussion about the truth of 
on
lusions about

existen
e, properties, and lo
ation of obje
ts in the world derived from knowledge

about analysis 
reated obje
ts.

This paper is stru
tured as follows. We start with a short review of remote

sensing and spatial analysis performed on remote sensed data (Se
tion 2). In

parti
ular we introdu
e a running example whi
h will be used to illustrate the

dis
ussion in the remainder of this paper. In Se
tion 3 we review and intro-

du
e ontologi
al foundations. Formal models of lo
ation in spa
e are reviewed in

Se
tion 4. These models provide the basis of the formalization provided in this

paper. In Se
tion 5 �at obje
ts 
reated during pro
esses imaging and remote

sensing are dis
ussed and formal representations are provided. This results in

the dis
ussion of the ontologi
al status and adequate formalization of �at ob-

je
ts 
reated by spatial analysis in Se
tion 6. The 
on
lusion are given in Se
tion

7.

2 The Prin
iple of Remote Sensing

This se
tion gives a short wrap up of remote sensing and image pro
essing. It

provides the starting point for the ontologi
al investigation in the later se
tions.

2.1 The Physi
al and Geometri
al Model

Remote sensing is an observation te
hnique based on sensors for spe
tral re-


e
tan
e, registering radiation typi
ally in opti
al, infrared, thermal or mi
rowave

band (Kraus 1988). The sensors are single, or ordered in lines or in re
tangular

arrays, however, in any 
ase re
ordings are 
ombined to two-dimensional raster

images. The re
tangular shape of ea
h sensor element g

i

is mapped by a 
entral

proje
tion onto a region G

i

on the earth surfa
e, i.e., the shape of G

i

is not ne
-

essarily a re
tangle due to terrain elevation and image orientation. Nevertheless,

the property that

S

i

g

i

forms a partition is preserved for

S

i

G

i

.

It is 
ommon to 
all the physi
al sensor element as well as the raster image

element a pixel. Physi
ally, the sensitive area of ea
h pixel is not identi
al to its

re
tangular shape. The area on the earth surfa
e 
orresponding to the sensitive



area of a pixel is 
alled sometimes instantaneous �eld of view I (Bruegger 1995).

The set

S

i

I

i

does not form a partition.

In prin
iple, ea
h pixel g

i

registers the number of photons re
eived in a time

interval. The resulting intensity value, denoted also by g

i

, represents the mean

re
e
tan
e over I

i

:

g

i

=

Z

I

i

dt

For simpli
ity it is assumed generally that

R

I

i

!

=

R

G

i

. This assumption 
auses

some (radiometri
) un
ertainty. Other radiometri
 un
ertainty results from the


omplex and dynami
 relation between surfa
e obje
t and re
e
tan
e, involving

perspe
tive, lighting, and surfa
e properties, and also from the atmospheri
al

disturban
es, ele
troni
al noise and other physi
al limitations.

The geometry of the raster image is that of a 
entral proje
tion. The param-

eters of the mapping fun
tion between g

i

and G

i

are known only impre
ise, so

that the assignment of the value of g

i

to the area of G

i

is (geometri
ally) un
er-

tain, too. The other sour
e of geometri
 un
ertainty is the regular dis
retization

of the imaging sensor, whi
h does not �t to partitions of spa
e on the earth

surfa
e.

Some e�e
ts 
ausing un
ertainty are systemati
 and 
an be re
ti�ed. The

remaining e�e
ts, together with the model errors in re
ti�
ation, a

umulate

inseparably, requiring models of imaging and of image interpretation 
oping

with un
ertainty. These e�e
ts are assumed to be independent and randomly

distributed. Then the observed intensity values 
an be interpreted as results

of sto
hasti
 pro
esses (Baarda 1967). A sto
hasti
 pro
ess is an a-priori in-

determinate pro
ess that is 
hara
terized by a distribution. If there are many

and independent elementar e�e
ts the distribution of the pro
ess is a Gaussian

(
entral limit theorem) (Ko
h 1988).

The intensity value of g

i

gives now some eviden
e to represent re
e
tion of a


lass of surfa
e obje
ts with spe
i�
 properties (
olor, e.g.). Eviden
e is expressed

in terms of probability. The probabilities for all 
lasses whi
h are expe
ted to

be observed in the image are used to determine the obje
t (
lass) at G

i

. This

determination is 
alled image 
lassi�
ation.

2.2 Classi�
ation of Remote Sensing Images

With the re
ti�ed image at hand, one is interested in information about type and

properties of obje
ts on the earth surfa
e in the 
overed area. The information

is extra
ted by visual or automati
 image interpretation (Kraus 1988):

{ Visual interpretation is made by an expert who exploits spe
tral features,

patterns, textures, and knowledge about natural and man-made features. |

Human interpretation is still too 
omplex to be transferred to a 
omputer.

{ For the automati
 image interpretation pixel-wise multispe
tral 
lassi�
ation

is preferred, exploiting pixel attributes only: the n intensity values at ea
h

pixel 
orrespond to a point in an n-dimensional spa
e. In this spa
e, all



points are grouped in 
lusters. The 
lusters are mat
hed with obje
t 
lasses,

with some a-priori or intera
tively given knowledge.

The multispe
tral 
lassi�
ation assumes also sto
hasti
 variations of intensity

values, 
hara
terizing the assignment of a pixel to a 
lass by a probability whi
h

is derived from the 
entrality in the 
luster. However, as dis
ussed before, un-


ertainty 
on
erns variations of individual obje
ts from a 
lass prototype as well

as all the geometri
 and radiometri
 random e�e
ts on the signal.

With a probability value for ea
h 
lass, a pixel is assigned to the 
lass of the

maximum likelihood. One 
an post-pro
ess a 
lassi�ed image to get individual

obje
ts. Image segmentation 
ombines 
onne
ted pixels of the same 
lass label

to 
omponents. Ea
h 
onne
ted 
omponent refers to an obje
t. Boundaries of

obje
ts look 
risp, but they are not, due to un
ertain assignments of pixels to


lasses.

2.3 An Example

The running example for this paper shall be height images, as derived from laser

s
anning (Krzystek 1991). Su
h remote sensed images are spe
i�
 in so far as

they represent distan
es in their pixel values. The distan
es are derived by the

run-time an emitted laser pulse needed to be re
eived again. Usually the distan
e

is re
ti�ed to the elevation of the terrain, given the height of the sensor. Our

dis
ussion for the e�e
ts 
ausing (sto
hasti
) un
ertainty still remains valid.

A problem from pra
ti
e is investigated by Molenaar et al. (Cheng, Molenaar

& Boulou
os 1997, Molenaar & Cheng 1998): they deal with the 
lassi�
ation

of foreshore, bea
h, and foredune from terrestri
 height measurements as well as

from remote sensed height images.

For laser s
anning images, the error of measurement 
an be evaluated in

a system 
alibration (Krzystek & Wild 1992). The result 
an be applied for

statements about the un
ertainty of the height values of ea
h pixel, e.g., by a

standard deviation �.

The se
ond 
ategory of un
ertainty 
on
erns the 
lass de�nition. Molenaar

et al. de�ne the three 
lasses by the height intervals (in m): foreshore (-6,-1);

bea
h (-1, 2); foredune (2, 25). Be
ause de�nitions vary in between some limits

from expert to expert, Molenaar et al. handle the variation by a fuzzy de�nition

of the 
lasses, using a trapezoidal membership fun
tion (Klir & Folger 1988) for

ea
h 
lass. A trapezoid needs four parameters: start and end point of uphill line,

and start and end point of downhill line. In 
ontrast to the 
risp de�nition, a

fuzzy de�nition of the 
lasses is now: foreshore (-8.0, -4.0, -1.6, -0.6); bea
h (-1.6,

-0.6, 1.5, 2.5); foredune (1.5, 2.5, 22, 28), with the 
ross-over points at the 
risp

boundaries (Fig. 1 (A-C)).

If a height value is un
ertain and its 
lassi�
ation is fuzzy, the two must

be 
ompounded. Molenaar et al. 
al
ulate a 
onvolution of fuzzy membership

fun
tion and likelihood fun
tion, leading to a belief fun
tion (Klir & Folger

1988) that determines the un
ertainty of ea
h pixel belonging to the di�erent


lasses. The 
lassi�
ation is visualized with its belief values in Figure 1 (D).



(A) (B) (C) (D)

Fig. 1. The three fuzzy lands
ape 
lasses (a-
), and the 
ompound 
lassi�
ation (d).

(The �gures are taken from Molenaar & Cheng 1998, with the kind permission of the

authors).

3 Spatial Obje
ts and Lo
ation

3.1 Spatial Obje
ts

Aspe
ts of Ontologi
al Categorization. Following Smith & Mark (1998),

we assume that in the ontologi
al 
hara
terization of geographi
 reality three

basi
 aspe
ts are involved:

1. aspe
ts 
hara
terizing what spatial obje
ts are,

2. aspe
ts 
hara
terizing where spatial obje
ts are lo
ated, i.e., aspe
ts of em-

bedding of spatial obje
ts into geographi
 spa
e, and

3. aspe
ts of s
ale.

In the remainder we use the notion of 'spatial obje
t' to refer to obje
ts 
hara
-

terized by those aspe
ts.

The 'What'. What spatial obje
ts are is 
hara
terized to a 
ertain degree by

their observable properties. Every obje
t has its unique identity. During its ex-

isten
e every obje
t preserves its identity even if its properties 
hange. In order

to 
hara
terize spatial obje
ts with respe
t to what they are beyond observable

properties we 
onsider their identity, and:

{ The 
ompositional stru
ture of their 
onstituent obje
t-parts.

{ Modes of their existen
e within physi
al reality and with respe
t to human


ognition.

The Where. Aspe
ts 
hara
terizing where obje
ts are lo
ated, and relationships

between what obje
ts are and where they are, have been investigated in spatial

s
ien
es for 
enturies. Surveyors deal with the question where things are lo
ated

on Earth (MoÆtt & Bou
hard 1987). Geography deals with the relationships

between what things are and where they are (Abler, Mar
us & Olson 1992). In

this paper aspe
ts 
hara
terizing where spatial obje
ts are, are 
aptured by the

notion of lo
ation. Lo
ation is formalized as a relation between spatial obje
ts

and regions of spa
e.



Aspe
ts of S
ale. Aspe
ts of s
ale refer to the 
lassi�
ation of spatial obje
ts

with respe
t to size relative to observability and modes of observation by human

beings. There is a whole 
lass of literature that deals with di�erent 
lassi�
ations

in this respe
t. An overview 
an be found in (Freunds
huh & Egenhofer 1997).

Spatial obje
ts of geographi
 s
ale, 
onsidered in this paper, are larger than the

human body and 
annot be per
eived within a single per
eptual a
t. Examples

are 
ities, mountains, or lakes.

Bona Fide and Fiat Obje
ts. Spatial obje
ts do not only have 
onstituent

obje
t-parts, they also have boundaries, whi
h 
ontribute mu
h more to their

ontologi
al make-up as do obje
t-parts (Smith & Mark 1998). One fundamental

distin
tion 
hara
terizing what spatial obje
ts are is based on the 
lassi�
ation

of boundary parts. This results in the distin
tion between obje
ts with bona �de

and obje
ts with �at boundaries.

Bona �de boundaries \... are boundaries in the things themselves. They would

exist (and did already exist) even in the absen
e of all delineating or 
on
eptualiz-

ing of our ... part. Bona �de boundaries are boundaries whi
h exist independently

of all human 
ognitive a
ts - they are a matter of qualitative di�erentiations or

dis
ontinuities of the underlying reality." (Smith 1995, p. 475) Examples are

surfa
es of extended obje
ts like tennis balls, plants, the surfa
e of Earth, and

the shore line separating water and sand in Example 2.3.

Fiat boundaries \ . . . are boundaries whi
h exist only in virtue of di�erent

sorts of demar
ations e�e
ted 
ognitively by human beings. Su
h boundaries lie

entirely skew to all boundaries of bona �de sort (as in the 
ase of the boundaries

between Utah and Wyoming). They may also, however (as in the 
ase of Indiana

and Pennsylvania), involve a 
ombination of �at and bona �de portions, or in-

deed they may be 
onstru
ted entirely out of bona �de portions whi
h however,

be
ause they are not themselves intrinsi
ally 
onne
ted, must be glued togeth-

er out of heterogeneous portions in �at fashion in order to yield a boundary

that is topologi
ally 
omplete. " (Smith 1995, p. 476) Examples are many state

and provin
ial borders, 
ountry lines, property lines, borders of postal distri
ts,

boundaries of soil-types.

The 
lassi�
ation of boundaries generalizes to the obje
ts they bound. Bona

�de obje
ts are topologi
ally 
losed bounded by a �at boundary. Examples are

human beings, the planet Earth, lakes, highways. Fiat obje
ts are bounded either

by bona �de boundaries of di�erent sorts glued together by human 
ognition or

are at least partly bounded by boundaries of �at sort. Examples are 'The North

Sea', `The Ro
ky Mountains', politi
al subdivisions, land property.

3.2 Fiat Obje
ts

Fiat obje
ts 
an be 
lassi�ed with respe
t to the way human 
on
eptual de-

mar
ations 
arve out �at obje
ts, i.e., 
reate �at boundaries, in physi
al reality.

Those 
on
eptual demar
ations di�er in the degree in whi
h they spe
ify what

the obje
ts they 
reate are and where they are lo
ated. In the 
ontext of this

paper we dis
uss three kinds of �at obje
ts:



1. Consensus Fiats

2. Measurement and Observation Fiats

3. Spatial Analysis Created Fiats

Consensus Fiats. \Consensus �ats may be produ
ts of informal 
onsensus,

re
e
ting for example usage as this evolves informally over time. Bays, peninsu-

las, et
., are parts of spatial reality, physi
al parts of the world itself. But they

are parts of reality that would not be there absent 
orresponding linguisti
 and


ultural pra
ti
es of demar
ation and 
ategorization" (Smith & Mark 1998, p.

316). Consequently, human 
on
epts represented and shared by means language

'
arve out', i.e., 
reate, �at obje
ts in physi
al reality. The de�nitions of those


on
epts are often subje
t to vagueness (Smith 1995), i.e., those de�nitions on-

ly vaguely spe
ify what the spatial obje
ts they 
reate are and where they are

lo
ated.

Fiats Created by Observation and Measurement Pro
esses. Human

beings 
reate �at obje
ts during their intera
tion with physi
al reality. Visual

observation of physi
al reality 
reates �at boundaries all the time, e.g., the hori-

zon bounding the 'visual �eld' (Smith 1995), my body axes 
reate �at boundaries

separating the �at obje
ts 'the world in front of me', 'the world in my ba
k', left

and right of me and so on. What those obje
ts are and where they are lo
ated

is well de�ned in ea
h moment of time but their lo
ation 
hanges all the time.

Measurement is a spe
i�
 and pre
ise form of observation. Measurement pro-


esses 
reate �at obje
ts, whi
h regions form partitions

1

of spa
e and time (Car-

nap 1966, Bittner 1999a)

2

. Consider the measurement of time. The measuring

pro
ess, i.e., the use of a 
lo
k to measure temporal extension, 
reates �at tem-

poral obje
ts, whi
h regions partition the time line. Those temporal obje
ts are

lo
ated at time intervals bounded by '
lo
k-ti
ks'. Of 
entral 
on
ern for this pa-

per are �at obje
ts on the surfa
e of Earth 
reated by remote sensing pro
esses.

The boundaries of those �at obje
ts are 
reated by geo-referen
ing of pixels of

remote sensed raster images

3

. Other examples are �at obje
ts 
reated by sample

data and interpolation (Example 2.3).

Fiats Created by Spatial Analysis. The pro
ess of 
reating �at obje
ts by

spatial analysis assumes a measuring pro
ess that 
reates a set of �at obje
ts,

whi
h form a regional partition of Earth

4

. Based on those sets of simple �at

1

Regional partitions are sets of regions whi
h interse
t only at their boundaries and

whi
h sum up the whole spa
e.

2

Smith & Mark (1998) 
all those �ats \mathemati
al �ats that are artifa
ts of a


ertain te
hnology."

3

In the 
ontext of this paper we see geo-referen
ing as an idealized pro
ess, i.e., we

abstra
t from aspe
ts 
ausing radiometri
 and geometri
 un
ertainty, whi
h were

dis
ussed in Se
tion 2.1.

4

Prototypi
al examples of those pro
esses are imaging in remote sensing and sampling

of point data followed by interpolation operations (Se
t. 2.3).



obje
ts we 
an de�ne, i.e., 
reate, 
omplex �at obje
ts as sums of primitive �at


ell obje
ts.

For example, ea
h �at 
ell obje
t, whi
h was 
reated by a measuring pro
ess,

is 
hara
terized by a number of values whi
h refer to some kind of measurement,

e.g., a 
ertain number of photons of 
ertain wavelength measured by a parti
ular

raster sensor. We now 
an de�ne sums of raster-
ell-�ats whi
h values satisfy


ertain 
onditions, for example, having re
eived a 
ertain number of photons

with a parti
ular wave length within a 
ertain time interval, or, as in 
ase of the

example in Se
tion 2.3, having registered the same run-time of single photons.

Corresponding to pra
ti
e in image 
lassi�
ation (Se
tion 2.2), the 
onditions

often are formulated weaker, allowing a range of pixel values to be summed up.

We will dis
uss the pro
ess of 
reating �at obje
ts by means of spatial analysis

extensively in Se
tion 6.

On De�ning Fiat Obje
ts

De�nite Fiats. Consider legal �ats su
h as politi
al subdivisions or land proper-

ty, �ats 
reated by measuring pro
esses, or �ats 
reated by point interpolation

operations. The de�nition of those obje
ts 
ontains the spe
i�
ation of the exa
t

region of spa
e at whi
h those obje
ts are lo
ated

5

. In all 
ases the exa
t regions

are often de�ned and stored in terms of semi-algebrai
 or semi-linear formulas

(non-linear or linear polynomials) (Kanellakis, Kuper & Revesz 1990). In the


ase of land property those de�nitions are stored in property re
ords. In the


ase of �at obje
ts 
reated by remote sensing the exa
t regions are impli
itly

given in terms of the geo-referen
ing of raster images. In the 
ase of point inter-

polation, the equivalen
e 
lasses de�ned in the attribute domain indu
e a unique

regional partition of the underlying spa
e

6

and hen
e de�ne the exa
t regions of

the 
orresponding partition forming �at obje
ts.

De�nite �at obje
ts, whi
h expli
itly 
ontain the de�nition of their exa
t

region of spa
e, are the only kinds of spatial obje
ts for whi
h human beings


an know exa
t lo
ation. Sin
e the boundaries of those �ats are usually not

observable in physi
al reality there exist rules and pro
edures that allow to de-

termine the lo
ation of those boundaries and mark them su
h that they be
ome

observable. A very signi�
antly marked legal boundary, for example, was the

Berlin Wall separating East and West Berlin during the Cold War. May me,

you marked the boundary of your property in order to separate it from your

neighbor's property.

Vaguely de�ned �ats. Consider �at obje
ts like mountains, hills, valleys, ridges,

or 
apes. \ . . . we 
an all agree that they are real, and that it is obvious where the

top of a mountain or the end of a 
ape is to be found. But where is the boundary

5

The notion of lo
ation as a relation between spatial obje
ts and regions of spa
e will

be dis
ussed in the next se
tion.

6

Assuming 
ontinuous distribution fun
tions des
ribing the spatial distribution of the

attribute value. See for example (Laurini & Thompson 1994).



of Cape Flattery on the island inside? Where is the boundary of Mount Blan


among its foothills?" (Smith & Mark 1998, p. 316) The human 
on
epts and de�-

nitions that bring those �at obje
ts into existen
e do not spe
ify their boundary

lo
ations. Consequently, we 
annot apply rules and measurement in order to

make those boundaries observable. Any human being 
an 
omplete the de�ni-

tions and draw the boundary of her or his 'Mount Blan
' or 'Cape Flattery'. The

vagueness of 
on
epts bringing �at obje
ts into existen
e 
ause indetermina
y

of lo
ation. \ . . . if you point to an irregularly shaped protuberan
e in the sand

and say 'dune', then the 
orrelate of your expression is a �at obje
t whose 
on-

stituent unary parts are 
omprehended (arti
ulated) through the 
on
ept dune.

The vagueness of the 
on
ept itself is responsible for the vagueness with whi
h

the referent of your expression is pi
ked out. Ea
h one of a large verity of slightly

di�erent and pre
isely determinate aggregates of mole
ules has an equal 
laim

to being su
h a referent." (Smith & Mark 1998, p. 315)

Often, the vague de�nition might be strong enough to identify regions of

spa
e whi
h are part of the obje
t's exa
t region, whi
h overlap the obje
t's

exa
t region, or where no parts of the obje
t are lo
ated. This often allow us to

draw boundaries around a '
ertain' 
ore and '
ertain' exterior. Doing so we 
reate

a regional partition 
onsisting of three 
on
entri
 regions similar to those shown

in Figure 2. The boundary of the vaguely de�ned obje
t is lo
ated somewhere

between the 
ore and the exterior

7

.
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fiat object

object boundary

core region

wide boundary

exterior

Fig. 2. A vaguely de�ned �at ob-

je
t

A B C D

E F G H

I J K L

M N O P

Fig. 3. Rough Lo
ation in a Regu-

lar Raster.

3.3 Lo
ation

Exa
t Lo
ation. Every spatial obje
t is exa
tly lo
ated at a single region of

spa
e in ea
h moment of time (Casati & Varzi 1995). This region may be a simple

7

For an extended dis
ussion see (Cohn & Gotts 1996).



region of three dimensional spa
e, for example, think of your body and the region

of spa
e it 
arves out of the air. The exa
t region of a spatial obje
t may be a


omplex region, 
onsisting of multiple regions of three dimensional spa
e, as in

the 
ase of the exa
t region of the Hawaiian islands. The exa
t region may be

a 
omplex region, 
onsisting of multiple regions of two dimensional spa
e, as in

the 
ase of the representation of the Hawaiian islands on a paper map. Noti
e

that even in this 
ase we distinguish between the spatial obje
t 'Representation

of the Hawaiian islands' 
onsisting of several layers and blends of paint and the

region of spa
e it 
arves out of the map spa
e.

Spatial 
hange refers to the fa
t that spatial obje
ts 
an be lo
ated at di�erent

regions of spa
e at di�erent points in time. This implies a 
on
ept of absolute

spa
e, i.e., regions of spa
e do not move, shrink, or grow. Spatial obje
ts 
an

move, shrink, grow. This makes them being lo
ated at di�erent regions of spa
e

at di�erent moments of time. See for example (Borgo, Guarino & Masolo 1996).

Rough Lo
ation. Rough lo
ation des
ribes the lo
ation of spatial obje
ts with-

in sets of regions of spa
e that form regional partitions (Bittner 1999b). Rough

lo
ation is 
hara
terized by sets of relationships between parts of the obje
t's

exa
t region and parts of partition regions. Consider Figure 3, whi
h shows the

rough lo
ation of a spatial obje
t, o, with a non-regular shaped region, whi
h

is lo
ated within a raster-shaped regional partition. The raster shaped regional

partition, G, might be 
reated, for example, by remote sensing. Rough lo
ation


an be represented by upper and lower approximation sets

8

. The lower approx-

imation set, o, of the obje
t, o, with respe
t to the partition, G, is the set of all

raster regions, g 2 G, that are part of the exa
t region of o. The upper approxi-

mation set, o, is the set of all raster regions that overlap the exa
t region of the

obje
t, o.

o = fKg

o = fB;C;D;E; F;G;H; I; J;K;L;N;O; Pg

In this paper we distinguish three kinds of rough lo
ation:

1. Overlap sensitive rough lo
ation, whi
h is 
hara
terized by overlap and non-

overlap relations between exa
t regions of spatial obje
ts and partition re-

gions. This 
orresponds to upper approximation sets.

2. Containment sensitive rough lo
ation, whi
h is 
hara
terized by part-of and

non-part-of relations between exa
t regions of spatial obje
ts and partition

regions. This 
orresponds to lower approximation sets.

3. Overlap & 
ontainment sensitive rough lo
ation, whi
h is 
hara
terized by

pairs of upper and lower approximation sets.

8

The notions of lower and upper approximation sets 
ome from rough set theory

(Pawlak 1982) and were applied to the spatial domain for example by Worboys

(1998a) and Bittner (1999b).



Consider Figure 2. The overlap & 
ontainment sensitive rough lo
ation of

the vaguely de�ned �at obje
t o in the regional partition 
onsisting of three 
on-


entri
 regions, 
alled 
ore, wide boundary, and exterior 
an be represented the

lower and upper approximation sets o = f
oreg and o = f
ore; wide boundaryg.

Noti
e, that the rough lo
ation of the vague de�ned obje
t in this regional par-

tition is well de�ned and determinate. The notion of rough lo
ation allows to

abstra
t from the indetermina
y of lo
ation 
aused by the vagueness of the ob-

je
t de�nition.

4 Modeling Lo
ation

4.1 Modeling Exa
t Lo
ation

Spatial obje
ts and regions of spa
e have 
ompositional stru
ture. We mod-

el spatial obje
ts, regions of spa
e, and their 
ompositional stru
ture using the

Boolean algebra (Halmos 1963, Stell & Worboys 1997) of regular 
losed sets (Re-

qui
ha 1977). Regular 
losed sets are sets whi
h are equal to the 
losure of their

interior. Regular 
losed point sets model regions of spa
e (Gotts 1996). They are

topologi
ally well formed in that sense that they do not 
ontain isolated points

or in�nitely thin 'spikes'. In a Boolean algebra join, _, and meet, ^, operations

are de�ned, whi
h are interpreted as (regularized

9

) union and interse
tion of

regular 
losed sets.

Let O be the Boolean algebra of spatial obje
ts and R be the Boolean algebra

of regions of spa
e. Sin
e every spatial obje
t is exa
tly lo
ated at a single region

of spa
e at ea
h moment of time we 
an de�ne a fun
tion, r, mapping spatial

obje
ts onto regions of spa
e:

r : O ! R

The mapping r is a bije
tion in the domain of bona-�de obje
ts but not in the

domain of �ats. This is due to the fa
t that no two physi
al obje
ts 
an be

lo
ated at the same region of spa
e in the same moment of time. It is not a

bije
tion in the domain of �at obje
ts, sin
e �at obje
ts of di�erent kind 
an be

lo
ated at the same region of spa
e in the same moment of time (Casati & Varzi

1995). For example, the obje
ts `City of Vienna' and 'Federal State Vienna' are

lo
ated at the same region of spa
e in every moment of time.

Obviously, the mapping, r, is by no means 
omputable. Furthermore as dis-


ussed, for example, by Bittner (1999a), for most spatial obje
ts we 
annot even

know the exa
t region of spa
e at whi
h they are lo
ated. Nevertheless we know

that for every spatial obje
t the exa
t regions exists and hen
e, the mapping, r,

exists. Consequently, we 
an use the notion r(o) to refer on a formal level to the

exa
t region of the obje
t o 2 O.

9

See (Gotts 1996) or (Requi
ha 1977).



4.2 Approximating Regions of Spa
e

We now review the notion of relationship mappings whi
h was originally intro-

du
ed by Bittner & Stell (1998). In this paper we use relationship mappings in

order to model rough lo
ation of analysis 
reated �at obje
ts within the regional

partition 
reated by the underlying measurement pro
ess.

Overlap Sensitive Approximation. Let the set 


9

= f3; 0

3

g be a set of

ways elements g 2 G 
an relate to an element r 2 R. The fun
tion p

9

is a

relationship fun
tion de�ned as:

p

9

: G�R! 


9

; p

9

(g; r) =

�

3 if 9a � g(a � r)

0

3

otherwise

The mapping p

9

(g; r) returns the value 3 if and only if the regions g and r

overlap.

The relationship fun
tion, p

9

, indu
es an approximation fun
tion �

9

:

�

9

: R! 


9

G

; �

9

(r) =

def

g 7! p

9

(g; r)

The symbol 


9

G

denotes a set of fun
tions from G to 


9

. The mapping �

9

assigns to ea
h r 2 R a fun
tion (G! 
) 2 


9

G

. Consider �gure 3. The set of

regions G = fA;B;C; : : : ; Pg � R forms a regional partition of the plane. The

gray non-regular shaped region, r 2 R, is lo
ated in the regional partition G.

The graph

10

of the approximation fun
tion (�

9

R) : G! 


9

approximating the

region, r, with respe
t to the partition, G is:

G A B C D E : : :




9

0

3

3 3 3 3 : : :

Containment Sensitive Approximation. Containment sensitive approxima-

tion is represented by approximation mappings �

8

, whi
h are de�ned based on

relationship fun
tions p

8

:

p

8

: G�R! 


8

; p

8

(g; r) =

�

2 if 8a � g(a � r)

0

2

otherwise

The mapping p

8

(g; r) returns the value 2 if and only if g is a subset of r. The

relationship fun
tion, p

8

, indu
es an approximation fun
tion �

8

:

�

8

: R! 


8

G

; �

8

(r) =

def

g 7! p

8

(g; r)

The approximation fun
tion �

8

assigns to ea
h r 2 R a fun
tion (G ! 


8

) 2




8

G

. Consider �gure 3. The graph of the approximation fun
tion (�

8

r) : G! 


8

is:

G A B . . . K L : : :




8

0

2

0

2

: : : 2 0

2

: : :

10

The graph of a mapping expli
itly lists the set of tuples forming the mapping.



Overlap & Containment Sensitive Approximation. We now de�ne the

overlap & 
ontainment sensitive value domain 


3

as pairs of 
ontainment and

overlap sensitive value domains 


8

and 


9

:

p

3

(g; r) p

8

(g; r) = 2 p

8

(g; r) = 0

2

p

9

(g; r) = 3 (2;3) (0

2

;3)

p

9

(g; r) = 0

3

- (0

2

; 0

3

)

The relationship fun
tion p

3

applied to region r and partition region g returns

(2;3) if and only if g is a part of r. It yields (0

2

;3) if g and r overlap, without

g being a part of r, and (0

2

; 0

3

) otherwise. Assuming 8g 2 G(g 6= ?) the 
ase

'p

8

(g; r) = 2 and p

9

(g; r) = 0

2

' 
annot o

ur (Bittner & Stell 1998).

The relationship fun
tion, p

3

, indu
es an approximation fun
tion �

3

as dis-


ussed above. Consider �gure 3. The graph of the approximation fun
tion (�

3

r) :

G! 


3

is:

G A B . . . K L : : :




3

(0

2

; 0

3

) (0

2

;3) : : : (2;3) (0

2

;3) : : :

4.3 Modeling Rough Lo
ation

In this se
tion, so far, we dis
ussed how spatial regions 
an be approximated with

respe
t to regional partitions. Those approximations 
an be represented formally

by means of approximation fun
tions derived from relationship fun
tions. The

notion of lo
ation refers to relation between spatial obje
ts, o 2 O, and regions

of spa
e, r 2 R. In order to model rough lo
ation using approximation fun
tions

we de�ne lo
ation mappings as:

lo
 : O ! 


G

; (lo
 o) =

def

(� Æ r)o

The fun
tion r(o) refers to the exa
t region of the obje
t o 2 O. The operator Æ

refers to the 
omposition of � and r de�ned as (� Æ r)o = �(r(o)).

Lower and upper rough approximations of the obje
t, o, dis
ussed in Se
tion

3, 
an easily be de�ned in terms of the overlap & 
ontainment sensitive lo
ation

mappings lo


3

: O ! 


3

G

by writing o = fg 2 G j ((lo


3

o)g) = (2;3)g and

o = fg 2 G j ((lo


3

o)g) = (2;3) or ((lo


3

o)g) = (0

2

;3)g.

5 Modeling De�nite Fiat Obje
ts

Fiat obje
ts are 
reated in the human mind. In the s
ienti�
 realm de�nite �at

obje
ts are 
reated by exa
t de�nitions. Consequently, humans 
an have exa
t

and 
omplete knowledge about those de�nite �at obje
ts.

5.1 De�ning Classes of De�nite Fiats

Let A be an attribute domain ranging over 
lassi�
atorial, ordering , or quan-

titative 
on
epts. In abstra
t domains we 
an use 
on
epts like real numbers in



our de�nitions without 
onsidering issues of observability and measureability.

The only assumption we have is that these de�nitions need to be expressible by

�nite means of formal language.

Let A

1

; : : : ; A

n

be a �nite number of attributes. �(A

1

; : : : ; A

n

) is a 
lass of

�at obje
ts that are 
ompletely 
hara
terized by the attribute ve
tor A

1

; : : : ; A

n

and a set of formula �, whi
h 
hara
terize the 
lass of obje
ts �(A

1

; : : : ; A

n

) in

terms of attribute values (a

1

; : : : ; a

2

) 2 A

1

� : : :�A

n

. Sin
e we are in abstra
t,

�at domains it is possible to 
ompletely 
hara
terize 
lasses of obje
ts by �nite

number of attributes and �nite number of formula.

Consider, for example, the 
lass of de�nite �at obje
ts 
alled 'land property'.

Obje
ts of this kind are 
lassi�ed by attributes like property Id, owner, the

obje
t's exa
t region, land use, et
. The region of the obje
t might be spe
i�ed

by semi-algebrai
 formulas like linear polynomials. There might be formulas


onstraining possible values the attributes 
an take. For example the attribute

domain owner should range over valid names of human beings that are alive.

5.2 De�nite Fiat Obje
ts

Let v = (a

1

; : : : ; a

n

) 2 A

1

� : : :�A

n

, be a ve
tor of attribute values 
hara
ter-

izing a spatial obje
t o 2 O. In �at domains we 
an assume that v 
ompletely


hara
terizes the obje
t o up to its identity. Sin
e o is a spatial obje
t the region

r(o) at whi
h o is exa
tly lo
ated exists.

In de�nite �at spatial domains, the exa
t spatial lo
ation, i.e., the exa
t

region of the obje
t, is often a de�ning property (think of land property). In this


ase, one of the attribute domains ranges over regions of spa
e. The knowledge

about the kind of the obje
t, i.e., the 
lass it belongs to, and knowledge about

its exa
t lo
ation at a 
ertain moment in time is suÆ
ient to �x the obje
t's

identity. This is due to the fa
t that no two spatial obje
ts of the same kind 
an

be lo
ated at the same region of spa
e at the same moment in time (Casati &

Varzi 1995). In database systems the identity of a spatial obje
t is often handled

expli
itly by identi�ers and handled as attribute value.

Sin
e the attribute value ve
tor, v, uniquely determines the obje
t, o, we 
an

write r(v) to refer to the region at whi
h the obje
t, o, is lo
ated exa
tly. We

use the notion of a pair to refer to a de�nite �at obje
ts with its attributes and

its exa
t lo
ation region:

o = (v; r(v)): (1)

Suppose the 
lass of obje
ts O

0

� O is 
hara
terized by attributes A

1

; : : : ; A

n

where A

1

ranges over regions. The fun
tion r(v) simply yields the attribute value

v

1

2 A

1

, i.e., r(v) = v

1

.

A 
ertain 
lass of regularity shaped regions 
an be represented �nitely by

means of semi-algebrai
 formulas. The representation of spatial obje
ts by a �nite

number of attributes A

1

; : : : ; A

n

where A

i

ranges over semi-algebrai
 formulas

was dis
ussed, for example, by Paredaens, Van den Buss
he & Van Gu
ht (1994).



5.3 De�nite Fiats forming Regional Partitions

Let �(A

1

; : : : ; A

n

) = fo

1

; : : : ; o

m

g be a set of de�nite �at obje
ts. Every obje
t

o

i

2 �(A

1

; : : : ; A

n

) is 
hara
terized by a attribute n-tuple (a

1

; : : : ; a

n

). Assume

the regions of the obje
ts o

1

; : : : ; o

m

sum up the whole spa
e, i.e., r(o

1

) _ : : : _

r(o

m

) = U . Sin
e the obje
ts o

1

; : : : ; o

m

are of the same kind, their exa
t-

lo
ation-regions 
annot overlap (Casati & Varzi 1995). Consequently, the set

of regions fr(o

1

); : : : ; r(o

m

)g forms a regional partition of spa
e. Under these

assumptions, the set of obje
ts �(A

1

; : : : ; A

n

) 
an be modeled as mapping.


 : fr(o

1

); : : : ; r(o

m

)g ! A

1

� : : :�A

n

If we assume that the region of spa
e is a de�ning property of obje
ts in 
lass

�(A

1

; : : : ; A

n

) and A

1

ranges over a set of regions forming a partition of spa
e,

then the mapping 
an be written as 
 : A

1

! A

2

� : : :�A

n

. Under the additional

assumption that A

1

ranges over regions representable by semi-algebrai
 formulas

the mapping, 
, representing the 
lass of obje
ts �(A

1

; : : : ; A

n

), has the signature


 : � (x

1

; : : : ; x

d

)! A

2

� : : :�A

n

. In this formula � (x

1

; : : : ; x

d

) is a set of semi-

algebrai
 formulas with d variables representing the parti
ular regional partition

of the spa
e of dimension d.

5.4 De�nite Fiats Created by Measuring Pro
esses

Measuring pro
esses 
reate regional partitions of the underlying domain. Exam-

ples are time intervals bounded by 
lo
k-ti
ks in the 
ase of time measurement

(Carnap 1966), or raster 
ells on Earth in the 
ase of remote sensing (Se
tion

2). Let G = fg

1

; : : : ; g

n

g be a regional partition 
reated by a remote sensing

pro
ess. At ea
h partition region attribute values a

1

; : : : ; a

k

are observed or

measured. The measuring pro
ess yields the set of �at obje
ts O = fo

1

; : : : ; o

n

g

of kind �(A

1

; : : : ; A

k

) with partition G = fr(o

1

); : : : ; r(o

n

)g. The obje
ts are

brought into existen
e by applying De�nition 1 in the mind of the human

being performing the measurement. Ea
h single obje
t is 
reated by de�ning

o

i

=

def

(v

i

; g

i

), where v

i

= (a

1

; : : : ; a

k

) is the ve
tor of attribute values mea-

sured at region g

i

. Due to the partition stru
ture of the regions of the 
reated

obje
ts, O, the out
ome of a measurement pro
ess 
an be represented as a map-

ping 
 : G! A

1

� : : :�A

k

.

Consider the example in Se
tion 2.3. At ea
h pixel, i, exa
tly one attribute

a

i

1

was measured over the area g

i

on Earth: the run-time of a photon on the

distan
e sensor-Earth-sensor. Consequently, the obje
ts, O, are of kind `photon

run-time measured to a region on Earth'. These obje
ts are 
hara
terized by a

single attribute value run time and a region of spa
e g

i

. The de�nite �at obje
t,

o

i

, is 
reated by applying De�nition 1, i.e., o

i

=

def

(run time

i

; g

i

). The set of

�at obje
ts, O, 
reated by the whole measurement pro
ess is represented by the

mapping 
 : G ! Photon Run T ime. The attribute Photon Run T ime ranges

over values run time. For example, the beginning of the graph of the mapping


 is:



G g

11

g

12

: : :

Photon Run T ime[ns℄ 4822 4826 : : :

.

6 Modeling Fiats Created by Spatial Analysis

A spe
ial kind of �at spatial obje
ts are obje
ts 
reated by spatial analysis.

Assume a set of �at obje
ts O = fo

1

; : : : ; o

n

g of kind �(A

1

; : : : ; A

k

) represented

by the mapping 
 : G ! A

1

� : : : � A

k

with G = fr(o

1

); : : : ; r(o

n

)g. This set

might be 
reated, for example, by a measuring pro
ess su
h as remote sensing

as dis
ussed in the previous se
tion. In spatial analysis �at obje
ts are 
reated

in a pro
ess that has three basi
 
omponents, whi
h are modeled as mappings

between di�erent kinds of �at obje
ts:

1. Measuring pro
esses yield sets of de�nite �at obje
ts forming regional parti-

tions 
arrying 
ertain attribute values representing the out
ome of the mea-

suring pro
ess. Examples are attribute values representing measured heights,

strength of radiation, wavelength of measured radiation, or run time length

of photons. The mapping transform attributes transforms those attribute

values into attribute values 
hara
terizing 
lasses of �at obje
ts. For exam-

ple, the measured run time of photons 
an be transformed into the attribute

domain 'elevation height' whi
h 
an be used to de�ne 
lasses of �at obje
ts

like foreshore, shore, or foredune.

In general, mappings transform attributes are of signature (G! A

1

� : : :�

A

k

) ! (G ! B

1

� : : : � B

l

) transforming tuples ((g

i

7! (a

i

1

; : : : ; a

i

k

)) into

tuples (g

i

7! (b

i

1

; : : : ; b

i

l

)).

2. There are mappings 
lassify lo
ation, whi
h yield values ! 2 
 
hara
ter-

izing the mode of lo
ation of an obje
t, o, at a parti
ular partition region,

g

i

, depending on a given input, (b

i

1

; : : : ; b

i

l

), related to this region. Possible

modes of lo
ation are overlap sensitive, 
ontainment sensitive, or overlap &


ontainment sensitive lo
ation.

Mappings 
lassify lo
ation are of signature (G! B

1

�: : :�B

l

)! (G! 
),

i.e., they return the value ! depending on the input ve
tor (b

1

; : : : ; b

l

) for

ea
h g

i

2 G.

3. There are mappings 
reate obje
t attributes, whi
h 
ompute attribute val-

ues for the 
reated �at obje
t from the attribute values of the measurement


reated obje
ts, for example, the average elevation hight for the new obje
t

from the 'elevation height' of the raster 
ells at whi
h it is lo
ated.

In general, mappings 
reate obje
t attributes 
omputing the attribute val-

ues of the new obje
t are of signature (G! B

1

� : : :�B

l

)! B

1

� : : :�B

m

.

The whole 
reative human pro
ess of 
reating �at obje
ts of kind �(B

1

; : : : ; B

m

)

by spatial analysis is modeled as a mapping, analyze, transforming a mapping

representation of a measurement pro
ess into the new, analysis 
reated, �at ob-

je
t: analyze : (G ! A

1

� : : : � A

k

) ! ((B

1

� : : : � B

m

); (G ! 
)). The �at

obje
t is modeled as a pair 
onsisting of an n-tuple of attribute values and a



lo
ation mapping representing rough lo
ation in the underlying regional parti-

tion, i.e., o = ((b

1

; : : : ; b

m

); (lo
 o)). We are now dis
ussing those 
omponents in

detail and give more examples.

6.1 Transforming Measured Attributes

Creating �at obje
ts by means of spatial analysis assumes the de�nability of

those �at obje
ts of kind �(B

1

; : : : ; B

m

) in terms of sets of �at obje
ts of kind

 (B

1

; : : : ; B

l

). Consider, for example, remote sensing. The measuring pro
ess


reates �at obje
ts of kind �(A

1

; : : : ; A

k

), whi
h attributes range, for example,

over the intensity of radiation of a 
ertain wavelength emitted by the surfa
e

of Earth, or the run time of photons emitted by a laser and re
e
ted from the

surfa
e of Earth. Assume we are interested in �nding pla
es on Earth belonging

to the 
lass foreshore as dis
ussed in the example in Se
tion 2.3. Molenaar et

al. de�ned the 
lass of �at obje
ts foreshore of kind �(terrain elevation) in

terms of terrain elevations values within the interval of �6m to �1:1m, i.e.,

(�6m � b � �1:1m) 2 �(B). The observations from remote sensed images are

photon run times; they must be transformed into relative heights with respe
t to

sea level on Earth. This is a two step pro
ess. Firstly: At ea
h pixel exa
tly one

attribute a

1

was measured over the area g

i

, the run-time of a photon. Multiplied

with the speed of light, the kind of the attribute is (double) distan
e. Se
ondly:

Relative height with respe
t to sea level on Earth is 
omputed by subtra
ting

the distan
e from (given) sensor height.

We de�ne the mapping transform attributes : (G! Photon Run T ime)!

(G! terrain elevation). It transforms the attribute run time into the attribute

terrain elevation for every partition element g 2 G. For example, the photon

run-time a

1

= 4822ns measured at lo
ation g

11

is transformed into the attribute

value b

1

= �5:49m of kind terrain elevation whi
h remains assigned to lo
ation

g

11

.

The mapping transform attributes 
reates a set of �at obje
ts of kind

 (terrain elevation) whi
h members are 
o-lo
ated with �at obje
ts of kind

�(Photon Run Length). Sets of �at obje
ts of kind  (terrain elevation) will

be used to 
reate obje
ts like foreshores of kind �(terrain elevation) by spatial

analysis. This is dis
ussed in the next se
tion.

6.2 Creating Fiat Obje
ts

De�ning Classes of Analysis Created Obje
ts. Measurement pro
esses,

su
h as remote sensing or point sampling, 
reate sets of de�nite �at obje
ts of

kind �(A

1

; : : : ; A

k

). Those are transformed into obje
ts of kind  (B

1

; : : : ; B

l

).

The attribute domains, B

1

; : : : ; B

l

, 
reate the attribute spa
e B

1

� : : : � B

l

.

Every possible instan
e, (b

1

; : : : ; b

l

), is interpreted as the 
oordinate of a point

in this attribute spa
e. In the 
ontext of 
on
rete measurement those attribute

points are not arbitrarily distributed. They form 
lusters (Se
tion 2.2). The

underlying assumption of spatial analysis is that those 
lusters in the attribute

spa
e 
orrespond to 
lasses of obje
ts in reality (Kraus 1990). Classes of �at



obje
ts 
reated by spatial analysis are de�ned su
h that they 
orrespond to


lusters in the attribute spa
e.

Consider the example of a terrain elevation image (Se
tion 2.3). We pro�t

from the natural shape of foreshore, bea
h and dune, whi
h 
an be separated

in the height pro�le (Fig. 4 left). With that property elevation yields a good

sele
tivity of height 
lusters. The histogram of an elevation image, i.e. the fun
-

tion a

umulating the frequen
y the o

urren
es of elevation values, shows a

three-modal distribution (Fig. 4 right). Ea
h mode

11


orresponds to one obje
t


lass.

h

x

foreshore

beach

dune

2

-1.1

r, c

h

foreshore beach dune2-1.1

Fig. 4. A height pro�le through typi
al bea
h terrain (left), with h: terrain elevation,

and x: dire
tion of pro�le. | The histogram of the remote sensed image (right), with

h: terrain elevation, and r; 
: the image indi
es.

Creating Fiat Obje
t Instan
es. Spatial obje
ts are 
hara
terized by aspe
ts

spe
ifying what they are and where they are lo
ated (Se
tion 3). What �at obje
ts

are, is 
hara
terized by their attribute values, (b

1

; : : : ; b

l

). For �at obje
ts 
reated

by spatial analysis these attribute values are derived from sets of attribute values

(b

1

; : : : ; b

k

) belonging to a 
luster in the attribute spa
eB

1

�: : :�B

l

. The lo
ation

of �at obje
ts 
reated by spatial analysis, is 
hara
terized by their rough lo
ation

within the regional partition, G, 
reated by the underlying measurement pro
ess.

We de�ne spatial analysis 
reated obje
ts of kind �(B

1

; : : : ; B

m

), whi
h is

based on a measuring pro
ess that yields the set O of kind �(A

1

; : : : ; A

k

) as

pair 
ontaining an attribute ve
tor (b

1

; : : : ; b

m

) 2 B

1

� : : :�B

m

and a lo
ation

mapping of signature (lo
 o) : G! 


12

,

o =

def

((b

1

; : : : ; b

m

); (lo
 o)):

Consequently, the a
t of 
reating a �at obje
t, o, 
onsists of two 
omponents:

1. The 
omputation of the attribute ve
tor (b

1

; : : : ; b

l

) from the attributes

(a

i

1

; : : : ; a

i

k

) of obje
ts o

i

2 O 
reated by the measuring pro
ess.

2. The 
omputation of the rough lo
ation representation, (lo
 o), of o

11

We speak of three modes meaning a robust 
on
ept of lo
al frequen
y maxima.

12


 
an be either 


3

or 


8



Both 
omponents perform operations on the mapping representation of the un-

derlying measuring pro
ess, 
 : G! A

1

� : : :�A

k

. The pro
ess of 
reating �at

obje
t by spatial analysis is modeled by the mapping analyze:

analyze : (G! A

1

� : : :�A

k

)! ((B

1

� : : :�B

m

); (G! 
))

analyze 
 =

def

((
reate obje
t attributes Æ transform attributes) 
);

((
lassify lo
ation Æ transform attributes) 
)

Attributes. The mapping 
reate obje
t attributes : (G ! B

1

� : : : � B

l

) !

B

1

�: : :�B

m


omputes a single attribute tuple for the analysis 
reated �at obje
t

of kind �(B

1

; : : : ; B

m

), by des
ribing the 
luster in the attribute domain 
reated

by the attributes of the set of measurement 
reated obje
ts O = fo

1

; : : : ; o

n

g by

parameters, like mean and other moments of the distribution.

Consider, for example, all obje
ts, O, of a 
lass, e.g., bea
h. The attributes

values, terrain elevation, 
hara
terizing obje
ts of this 
lass vary in between

some limits, and they form a distribution. In Figure 4 (right), this distribution is


hara
terized by the se
ond mode of the histogram (negle
ting the overlaps with


ontinuing distributions of foreshore and dune). A multi-modal distribution is

separated ideally at (robust) lo
al minima, so in this 
ase we de
ide to separate

at �1:1m and 2m, forming a bea
h-
luster of [�1:1m: : :2m℄. The histogram

fun
tion in this interval 
an be used now to des
ribe the distribution of bea
h

obje
ts, e.g., by a mean and a standard deviation.

Rough lo
ation. The rough lo
ation representation of a �at spatial obje
t, o

0

, of

kind  (B

1

; : : : ; B

l

) within a regional partition, G, 
reated by a set of obje
ts,

O, of kind �(A

1

; : : : ; A

k

), is de�ned as the appli
ation the 
omposition of the

mappings transform attributes and 
lassify lo
ation to the mapping 
:

(lo
 o

0

) : G! 


(lo
 o

0

) =

def

(
lassify lo
ation Æ transform attributes) 
:

We already dis
ussed the mapping 
, representing the out
ome of the measuring

pro
ess, and the mapping transform attributes transforming those results into

attribute domains that 
an be used to de�ne �at obje
ts in terms of 
lusters

within these attribute domains. The mapping 
lassify lo
ation �nally 
reates

the lo
ation mapping representation of the analysis 
reated obje
t within the

underlying regional partition.

6.3 Classifying Lo
ation

We now dis
uss the mapping 
lassify lo
ation. It performs a 
lassi�
ation of

partition elements, g

i

2 G, 
hara
terized by an attribute n-tuple (b

i

1

; : : : ; b

i

m

),

with respe
t to the 
lass de�nition, �(B

1

; : : : ; B

m

), of the �at obje
t to be 
on-

stru
ted. The 
lassi�
ation is based on the 
lass de�nition of the �at obje
t in

terms of 
lusters in the attribute spa
e B

1

� : : :�B

m

. Clusters in the attribute

spa
e do not ne
essarily have sharp and well de�ned boundaries (See Se
tion



2.3). This has the 
onsequen
e that we need to distinguish 
risp and vague 
lass

de�nitions.

Crisp 
lass de�nitions 
orrespond to 
lusters on the attribute domain with

well de�ned boundaries. Vague 
lass de�nitions 
orrespond to 
lusters with ill

de�ned boundaries. In the remainder of this se
tion we show that

{ 
risp 
lass de�nitions 
ause the 
lassi�
ation pro
ess of the partition elements

to yield 
ontainment sensitive rough lo
ation, and

{ vague 
lass de�nitions 
ause the 
lassi�
ation pro
ess of the partition ele-

ments to yield overlap & 
ontainment sensitive rough lo
ation.

Crisp 
lass de�nitions. Let 
lassify lo
ation be the mapping


lassify lo
ation : (G! B

1

� : : :�B

l

)! (G! 


8

)


lassify lo
ation(g

i

7! (b

1

; : : : ; b

l

)) =

8

<

:

(g

i

7! 2) if


ontainment 
ondition(b

1

; : : : ; b

l

)

(g

i

7! 0

2

) otherwise

The 
ondition 
ontainment 
ondition needs to be expressed formally in terms

of 
onstraints on the values of attribute l-tuples, (b

1

; : : : ; b

l

). Those 
onstraints

des
ribe the 
lusters in the attribute domain, whi
h de�ne the 
lass of the obje
t

to be 
onstru
ted.

Regarding to the spatial extent, i.e., the where, these 
onstraints de�ne 
on-

ditions that are assumed to be suÆ
ient to postulate that:

{ given an input value (b

1

; : : : ; b

l

) related to region g

i

{ then we postulate that there exists an analysis 
reated �at obje
t, o, of kind

 (B

1

; : : : ; B

l

) su
h that the region g

i

is part of the exa
t region of the obje
t

o, i.e., ((lo


8

o) g

i

) = 2.

With 
risp 
lass de�nitions, only 
ontainment and non-
ontainment 
lassi�
a-

tions o

ur. Consequently, the mapping 
lassify lo
ation yields 
ontainment

sensitive rough lo
ation. The exa
t region of the analysis 
reated �at obje
t r(o)


oin
ides with the sum of partition regions for whi
h the '
ontainment 
ondition'

holds.

Consider the example in Se
tion 2.3. The attribute value b

1

= �5:49m of the

pixel g

11

(remember the dis
ussion in se
tion 6.1) is 
ontained in the interval,

[�6m;�1:1m℄, 
hara
terizing obje
ts of 
lass foreshore 
risply. In terms of the

mapping 
lassify lo
ation this is expressed as:


lassify lo
ation : (G! terrain elevation)! (G! 


8

)


lassify lo
ation(g

i

7! b) =

�

(g

i

7! 2) if � 6m � b � �1:1m

(g

i

7! 0

2

) otherwise



Vague 
lass de�nitions. We now 
onsider vague de�nitions of 
lasses of �at

obje
ts. Vague de�nition means that there are no sharp boundaries of 
lusters

in the attribute spa
e B

1

� : : : � B

m

. Vague 
lass de�nitions result in overlap

& 
ontainment sensitive rough lo
ation of the 
orresponding obje
t instan
es in

regional partitions 
reated by the the underlying measurement pro
esses. Let


lassify lo
ation be the mapping


lassify lo
ation : (G! B

1

� : : :�B

l

)! (G! 


3

)


lassify lo
ation(g

i

7! (b

1

; : : : ; b

l

)) =

8

>

>

>

>

<

>

>

>

>

:

(g

i

7! (2;3)) if


ontainment 
ondition(b

1

; : : : ; b

l

)

(g

i

7! (0

2

;3)) if

overlap 
ondition(b

1

; : : : ; b

l

)

(g

i

7! (0

2

; 0

3

)) otherwise

The 
onditions 
ontainment 
ondition and overlap 
ondition need to be ex-

pressed formally in terms of 
onstraints on the values of attribute l-tuples,

(b

1

; : : : ; b

l

). We already dis
ussed the 
ontainment 
ondition in the 
ontext of


risp 
lass de�nitions above. The overlap 
ondition de�nes 
onditions that are

suÆ
ient to postulate that:

{ given an input value (b

1

; : : : ; b

l

) related to region g

i

{ then we postulate that there exists an obje
t o of kind  (B

1

; : : : ; B

l

) su
h

that the region g

i

and the exa
t region of the obje
t o overlap but g

i

, is not

a part of the obje
t's exa
t region. i.e., ((lo


3

o) g

i

) = (0

2

;3).

The distin
tion of three modes of lo
ation rather than two re
e
ts the vague-

ness of the 
lass de�nition and 
orresponds to the lo
ation of vague de�ned �at

obje
ts in 
on
entri
 regional partitions 
onsisting of a 
ore region an exteri-

or region and a wide boundary between them (Fig. 2)

13

. In the 
ase of rough

lo
ation in regional partitions the 
ore region is formed by those partition ele-

ments whi
h are 
lassi�ed as (2;3), the exterior is formed by partition regions


lassi�ed as (0

2

; 0

3

), and the wide boundary is formed by partition elements


lassi�ed as (0

2

;3).

Consider the example in Se
tion 2.3. The membership in a the 
lass foreshore

was de�ned by a trapezoidal fun
tion with breakpoints at (�8m;�4m;�1:6m;

� 0:6m). In terms of the mapping 
lassify lo
ation this is expressed as follows:


lassify lo
ation : (G! terrain elevation)! (G! 


3

)


lassify lo
ation(g

i

7! b) =

8

>

>

<

>

>

:

(g

i

7! (2;3)) if � 4m � b � �1:6m

(g

i

7! (0

2

;3)) if � 8m � b < �4m or

�1:6m < b � 0:6m

(g

i

7! (0

2

; 0

3

)) otherwise

In the vague de�nition of the 
lass foreshore, the pixel with an attribute b

1

=

�5:49m satis�es the 'overlap 
ondition', but not the '
ontainment 
ondition' of

the 
lass foreshore: 
lassify lo
ation(g

11

7! �5:49m) = (g

11

7! (0

2

;3)).

13

Noti
e that Fig. 2 is an idealization. In general, the partition regions may be 
omplex

regions 
onsisting of multiple dis
onne
ted parts.



7 Con
lusions

The purpose of spatial analysis performed on data resulting from measurement in

physi
al reality is to identify obje
ts, o

0

, in physi
al reality that satisfy 
ertain


onditions. The pro
ess of spatial analysis yields obje
ts, o, that are 
reated

by 
lassi�
ation and other analysis operations. They are of �at sort sin
e they

are the result of a human 
lassi�
ation and analysis pro
ess. They are roughly

lo
ated within the underlying regional partition, G, 
reated by the measuring

pro
ess. The exa
t lo
ation of the �at spatial obje
t o is unknown if o is subje
t

to de�nitorial vagueness.

In the pro
ess of spatial analysis �at obje
ts are 
reated in a pro
ess that

has three basi
 
omponents, whi
h were modeled as mappings.

1. The mapping transform attributes : (G! A

1

�: : :�A

k

)! (G! B

1

�: : :�

B

l

) transforming sets of �at obje
ts 
reated by measurement or observation

pro
esses and represented by mappings of signature 
 : (G! A

1

� : : :�A

k

),

into a set of 
o-lo
ated �at obje
ts represented by mappings of signature

d : (G! B

1

� : : :�B

l

). Their attribute values form 
luster in the attribute

spa
e B

1

� : : :�B

l

. Those 
luster provide the basis for the de�nition of the

�nal, analysis 
reated obje
t of kind �(B

1

; : : : ; B

m

).

2. The mapping 
lassify lo
ation : (G ! B

1

� : : : � B

l

) ! (G ! 
) whi
h

yields the mapping representation, (lo
 o) : (G ! 
), of the rough lo
ation

of the analysis 
reated �at obje
t within the regional partition, G, 
reated

by the underlying measurement pro
ess.

3. The mapping 
reate obje
t attributes : (G! B

1

�: : :�B

l

)! B

1

�: : :�B

m


omputing the attribute values of the new obje
t.

The whole 
reative human pro
ess of bringing �at obje
ts of kind �(B

1

; : : : ; B

m

)

into existen
e by means of spatial analysis, is modeled as a mapping, analyze :

(G! A

1

� : : :�A

k

)! ((B

1

� : : :�B

m

); (G! 
)). This mapping transforms

a mapping representation, 
, of a measurement pro
ess into the new, analysis


reated, �at obje
t, i.e., analyze 
 = (b

1

; : : : ; b

m

; (lo
 o)).

It is important to distinguish �at obje
ts 
reated by spatial analysis and

the obje
ts in the world they are supposed to 
orrespond to. Both obje
ts are

related to ea
h other in that sense that the radiation emitted by the measured

obje
t 'obje
t in the world' 
aused sensor response during the remote sensing

pro
ess whi
h was re
orded and 
aused �at obje
ts 
reated by the remote sensing

pro
ess to have 
ertain attribute values. The �at obje
t 'obje
t 
reated by spatial

analysis on remote sensed data' was 
reated by performing spatial analysis on

those obje
ts. Obviously both obje
ts, the measured obje
t 'obje
t in the world'

and the �at obje
t 'obje
t 
reated by spatial analysis on remote sensed data',

are di�erent in nature and related to ea
h other in the sense that the �at obje
t

'obje
t 
reated by spatial analysis on remote sensed data' owes its existen
e to:

{ the existen
e of the obje
t 'obje
t in the world',

{ the existen
e of a measuring a
t su
h as remote sensing, and

{ the existen
e of a 
reative human a
t of spatial analysis.



Subje
t of ongoing resear
h are the following questions:

{ What is the justi�
ation to derive 
on
lusions about bona �de and �at ob-

je
ts in reality from knowledge about �at obje
ts 
reated by spatial analysis?

{ How does the vagueness of de�nitions of analysis 
reated obje
ts and the

indetermina
y of their lo
ation relate to un
ertainty about the truth of 
on-


lusions about the 
orresponding bona �de and �at obje
ts in physi
al real-

ity?
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